Introduction and basic notions
Investigations of symmetric block designs have found increasing interest in the eld of combinatorics during the last decade. A few methods for the construction of symmetric block designs are known and all of them have shown to be e ective in certain situations. Here, we shall use the method of tactical decompositions, assuming that a certain automorphism group acts on the design we want to construct. This method has been suggested and used by Zvonimir Janko 5] ; see also 4], 6] and 8].
We assume that the reader is familiar with the basic facts of design theory. For introductory material see for instance 2], 3] and 7]. Brie y, a symmetric design with parameters (79,27,9) is a nite incidence structure consisting of two disjoint sets P and B, where the elements of P are called points and the elements of B are called blocks or lines; further, jPj = jBj = 79. In addition, every block is incident with precisely 27 points and every two points are incident with precisely 9 blocks. In this paper, for the sake of simplicity and without loss of generality, we shall say that a point lies on a block or that a block passes through a point if the point and the block in question are incident.
It is known that symmetric (79,27,9)-designs exist. Namely, We denote these xed sets by F P (g) and F B (g) respectively, and their cardinality simply by jF(g)j. We shall make use of the following upper bound for the number of xed points:
It is also known that an automorphism group G of a symmetric design has the same number of orbits on the set of points P as on the set of lines B; see 7, In what follows we assume that P 1 contains the xed point and B 1 the xed block of D. Thus, jP i j = jB i j = 13 for i = 2; : : : ; 7. From the structure of G it follows that G acts faithfully on each line and point orbit of length 13. For i > 1 we put P i = fp i 0 ; : : : ; p i 12 g: Thus, G acts on these point orbits as a permutation group in a unique way. Hence, for the two generators of G we may put = (0; 1; 2; 3; 4; 5; 6; 7; 8; 9; 10; 11; 12) and = (1; 3; 9)(2; 6; 5)(4; 12; 10)(7; 8; 11):
We immediately get Corollary 1 The element of order 3 of G xes precisely 7 points and 7 blocks of D. Each block orbit contains a unique line stabilized by .
The following de nition is basic for our construction of designs.
De nition 2 The set of indices of the points of P r which lie on a xed representative of the block orbit B i is called the index set for the position (i; r) of the orbit structure.
In what follows, we are going to construct a representative for each block orbit, namely, the line xed by . Clearly, acts on the intersection of P r with the representative of the block orbit B i . Therefore, the numbers ir are all congruent to 0 or 1 modulo 3. We are now able to compute the orbit structures for D and we essentially get precisely one such structure: 1 13 13 0 0 0 0 1 4 4 6 6 3 3 1 4 4 3 3 6 6 0 6 3 6 3 6 3 0 6 3 3 6 3 6 0 3 6 6 3 3 6 0 3 6 3 6 6 3
It is easy to see that the autmorphism group of this orbit structure is isomorphic to the dihedral group D 8 of order 8. We shall use this fact to eliminate isomorphic designs during the indexing process. Here, an automorphism x of a matrix is a permutation of rows followed by a permutation of columns such that the application of x to the matrix leaves the matrix unchanged. It is clear that the set of all such automorphisms is a group which we call the automorphism group of that matrix.
Indexing of the representatives for each block orbit
It is a triviality to index { that is, to nd the right index sets for { the unique element of B 1 as this is the xed line of D under the action of G; this element corresponds to the rst row of the orbit structure. Thus, we consider only the right-lower (6 6)-submatrix of the orbit structure; the rst row and the rst column of our orbit structure are not relevant to our construction. Denote that submatrix by B and its coe cients by b ij , 1 i; j 6. Obviously, b ij 2 f3; 4; 6g.
We want to nd all possibilities for the index sets for all the positions of the matrix B. These possibilities we get from the cycles of the permutation representation of . Clearly, there are precisely four possibilities for the index set in case b ij = 3 or b ij = 4 and precisely six possibilities for the index set in case b ij = 6. All together, we get precisely 14 index sets. We write them down and denote them by the nonnegative integers from 0 to 13: f1,3,9g = 0, f1,2,3,5,6,9g = 8, f2,5,6g = 1, f1,3,4,9,10,12g = 9, f4,10,12g = 2, f1,3,7,8,9,11g = 10, f7,8,11g = 3, f2,4,5,6,10,12g = 11, f0,1,3,9g = 4, f2,5,6,7,8,11g = 12, f0,2,5,6g = 5, f4,7,8,10,11,12g = 13. f0,4,10,12g = 6, f0 , In this way, one gets six sets which exhaust all the possibilities for the six block orbits, respectively, and which then have to be checked against each other for the intersection property.
To reduce the number of possibilities and to eliminate isomorphic designs as soon as possible, we make use of the group generated by the mapping : x 7 ! 2x (mod 13) Clearly, induces an automorphism of order 12 of h i which commutes with .
It is well known that such a group produces isomorphic designs 4, Lemma 1.8, p. 54]. The cycle decomposition of on the 14 index sets is (0; 1; 2; 3) (4; 5; 6; 7) (8; 11; 13; 10) (9; 12): Hence, acts as an element of order 4 on the set of index sets.
We have thus used three means for reducing the output of isomorphic symmetric designs; namely, the automorphism group of the orbit structure, the lexicographical ordering of the index sets to get an ordering of the orbit or block types and an ordering of designs, see example L 1 (for a precise explanation of how one introduces such an ordering the reader is referred to 4]), and the group generated by . This proved to be enough to obtain only pairwise nonisomorphic symmetric designs.
Results
The computations, outlined above, have been left to a computer. A suitable program was running approximately two hours on a work station. Our main result is contained in the following Theorem 2 There are exactly 1320 pairwise nonisomorphic symmetric designs with parameters (79; 27; 9) which are faithfully acted upon by a Frobenius group of order 39.
Proof The computer computations led to 1320 symmetric designs. For each design, we computed the statistic for the cardinalities of the intersections of every triple of pairwise di erent blocks. We got a maximal set of 1315 pairwise di erent statistics. Thus, in ve cases, this statistic was not decisive. In these ve cases, using a program written by V. Tonchev 9] , we computed the full automorphism groups of these ve designs and the full automorphism groups of their counterparts, and this was enough to see that all 1320 designs obtained are Proof S. Pfa 8] has shown that there are at least 72 symmetric designs with parameters (79,27,9) on which the above direct product acts faithfully. 2 6 Some examples It would be too much to list all 1320 designs we have constructed. Nevertheless, we want to present four examples of (79,27,9)-designs that have pairwise di erent orders of their full automorphism groups. We choose these examples in such a way that they are lexicographically rst in the ordering mentioned above. We present these designs as (6 6)-matrices the entries of which are index sets; here, the starting point is the matrix B introduced earlier. It is not di cult to produce the complete incidence matrices for these designs. 
